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Abstract
We show that q-weighted log-concavity and the strict normalized matching property are preserved under
the q-direct product over weighted posets. As consequences, two classes of weighted posets including the
finite linear lattices are strictly q-weighted log-concave and strictly normal.
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1. Introduction
Let P be a finite ranked poset, i.e., there is a function r :P → N with r(x) = 0 if x is minimal
in P , and r(y) = r(x) + 1 if y  x (y covers x if there is no z ∈ P such that y > z > x).
A chain of P is a subset of P whose elements are totally comparable. The maximum length
of the longest chain of P is called the rank of P , denoted by r(P ). An antichain is a subset A
of P of which no two elements are comparable in P . For 0 i  r(P ), let Pi denote the set of
elements of P having rank i, and |Pi |, the cardinality of Pi , is called the ith Whitney number
of P . Clearly, each Pi is an antichain. For A ⊆ Pi where 0 i < r(P ), define ∇(A) = {b ∈ Pi+1:
b a for some a ∈ A}.
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396 J. Wang, H. Zhang / Advances in Applied Mathematics 41 (2008) 395–406As stated in [5], some extremal problems can be considered in a weighted poset (P,w), which
is a poset P together with a function (called a weight function) w :P → N. The weight w(A)
of a subset A of P is defined by w(A) =∑a∈A w(a). In particular, w(Pi), the weight of Pi , is
called the ith Whitney number of (P,w). Every poset P can be considered as a weighted poset
(P,w), where w(x) = 1 for all x ∈ P .
We say (P,w) has the Sperner property if some Pi is a maximal-weighted antichain of P . We
say (P,w) has the LYM property if, for every antichain A in P , the following inequality holds:
r(P )∑
i=0
w(A ∩ Pi)
w(Pi)
 1. (1)
We say (P,w) is normal or (P,w) has the normalized matching (NM) property if, for every
i = 0,1,2, . . . , r(P ) − 1, the following inequalities hold
w(∇(A))
w(A)
 w(Pi+1)
w(Pi)
for all A ⊆ Pi. (2)
And, we say (P,w) is strictly normal or (P,w) has the strict NM property if (2) is a strict
inequality whenever A is a proper subset of Pi .
It is well known that the LYM property and the NM property are equivalent [7], and both of
them imply the Sperner property. Many posets have all or some of the Sperner-type properties
(see Engel’s book [5] for details). Two prototypical examples are the boolean lattice Bn and the
linear lattice Ln(q).
Let n be a positive integer and [n] = {1,2, . . . , n}. The lattice Bn consists of all subsets of [n]
ordered by inclusion. By
([n]
k
)
we denote the collection of all k-element subsets of [n]. Then,
the kth Whitney number is #
([n]
k
) = (n
k
) = n!
k!(n−k)! , the binomial coefficient. Let V be an n-
dimensional vector space over the q-element field Fq where q is a power of a prime. The lattice
Ln(q) consists of all subspaces of V ordered by inclusion. By
[
V
k
]
we denote the collection
of all k-dimensional subspaces of V ; its cardinality is the well-known q-binomial coefficient[
n
k
]= (qn−1)(qn−q)···(qn−qk−1)
(qk−1)(qk−q)···(qk−qk−1) , which has the following recursion
[
n
k
]
=
[
n − 1
k
]
+ qn−k
[
n − 1
k − 1
]
=
[
n − 1
k − 1
]
+ qk
[
n − 1
k
]
. (3)
It is well known that both Bn and Ln(q) have the Sperner property, LYM property and NM
property.
There are many approaches to the study of the NM property of a poset. One of them, inde-
pendently proved by Harper [9] and Hsieh and Kleitman [11], was the following.
Theorem 1.1 (Product theorem). If P and Q are normal and log-concave posets, then so is the
direct product P × Q.
The proof of this theorem was based on the convolution theorem of log-concave sequences.
Let {xi}ni=0 be a sequence of nonnegative real numbers. We say that {xi}ni=0 is log-concave if
x2  xi−1xi+1 for all i ∈ [n], where xn+1 = 0. Moreover, we say a sequence {xi}n is strictlyi i=0
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if the sequence {w(Pi)}r(P )i=0 of its Whitney numbers is (strictly) log-concave. Given two weighted
posets (P,w) and (Q,v), write their direct product as (P × Q,w × v), where P × Q is the set
of all pairs (x, y), x ∈ P , y ∈ Q, with the order given by (x, y) (x′, y′) in P × Q if and only if
x  x′ in P and y  y′ in Q, and (w × v)(x, y) = w(x)v(y). It is straightforward to check that
the sequence of Whitney numbers of (P ×Q,w×v) is just the convolution of that of (P,w) and
(Q,v). So we have the convolution theorem and the product theorem (see [9–11] for the general
case, see [4] for the “strict” case, and see [5, Theorem 4.6.2] for the “weighted” case).
Theorem 1.2 (Convolution theorem). The convolution of two (strict) log-concave sequences is
(strictly) log-concave.
Theorem 1.3 (Weighted product theorem). If (P,w) and (Q,v) are (strictly) log-concave and
(strictly) normal, then (P × Q,w × v) is also (strictly) log-concave and (strictly) normal.
Note that Engel [4] investigated these topics in more general cases, whereas we content our-
selves with clarifying the situation for several specific instances.
Since Bn is isomorphic to a direct product of n chains of length 1, from Theorem 1.3 it follows
immediately that Bn is strictly log-concave and strictly normal. Since Ln(q) is a well-behaved
“q-analog” of Bn, it is expected to have properties similar to those possessed by Bn and these
properties should be established by similar methods. However, the strict normality of Ln(q) does
not follow easily as Bn does because Ln(q) is not a direct product.
The following is a more general example of the application of the product theorem. Let t be
an integer with 0 t < n, and let x be a subset of [n] with |x| t . Define
C(t, x;n) = {z ∈ Bn: |z ∩ x| t}.
Then, C(0, x;n) = Bn and C(t, x;n) forms a proper subposet of Bn if t > 0. Lih [13] proved
that C(1, x;n) has the Sperner property. Subsequently, Griggs [8] further proved that C(t, x;n)
is normal by the product theorem.
As a q-analog of C(t, x;n) we consider the following lattice. Let X be a fixed proper subspace
of V with dim(X) t . Set
C[t,X;V ] = {Z ∈ Ln(q): dim(Z ∩ X) t}.
Clearly, C[0,X;V ] = Ln(q) and C[t,X;V ] forms a ranked proper subposet of Ln(q) if t > 0.
In [20] we proved that C[t,X;V ] is normal. Since C[t,X;V ] is not a direct product, the product
theorem was not able to be applied directly, but the argument was analogous to that of the product
theorem (see [21] for a more general case). Right after these works we subsequently realized that
the usual (weighted) product theorem can be generalized to the direct product of weighted posets
whose weight includes a coefficient which is a power of q . (The context makes it clear what q is.)
We call it a q-direct product, of which the corresponding theorem will be particularly effective
for lattices like C[t,X;V ].
In the next section we first introduce the concepts of q-weighted log-concavity and q-direct
product of weighted posets and then establish the corresponding product theorem. In Section 3
we give applications of the theorem. First, we introduce some results on group action, under
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ular, we obtain the product structure of Ln(q), and, the generalized product theorem implies that
C[t,X;V ] is strictly q-weighted log-concave and strictly normal. In closing, we consider a more
complicated lattice.
2. q-Weighted log-concavity and q-direct product of weighted posets
Log-concave sequences are ubiquitous in combinatorics, algebra, probability and statistics.
There has been a considerable amount of research devoted to them in recent years (relevant
results can be found in [1,16,19]). In fact, many posets consisting of subsets of a finite set are
log-concave. Now, let us consider the Whitney numbers of Ln(q):
[
n
0
]
,
[
n
1
]
, . . . ,
[
n
n
]
.
Butler proved in [2] that
[
n
i
][
n
j
]
− qj−i+1
[
n
i − 1
][
n
j + 1
]
(4)
has nonnegative coefficients as a polynomial in q for i  j  0. From this it is not difficult to see
that
[
n
i
]2
> q
[
n
i − 1
][
n
i + 1
]
for each i ∈ [n − 1]. (5)
Definition 2.1. Let {xi}ni=0 be a sequence of nonnegative real numbers and q a positive number.
We say {xi}ni=0 is (strictly) q-weighted log-concave if x2i  qxi−1xi+1 (x2i > qxi−1xi+1) for all
i ∈ [n], where xn+1 = 0.
We say (P,w) is (strictly) q-weighted log-concave if the sequence {w(Pi)}r(P )i=0 is (strictly)
q-weighted log-concave.
Remark 2.2. In some publications, for example [15], the q-log-concavity is defined for a se-
quence {fi(q)}i0 of polynomials in q with real coefficients such that f 2i (q) − fi−1(q)fi+1(q)
has nonnegative coefficients, which, it should be noted, differs from Definition 2.1.
Remark 2.3. The q-weighted log-concavity defined here is not a novel concept because it is easy
to check that {xi}ni=0 is (strictly) q-weighted log-concave if and only if {xiqi
2/2}ni=0 is (strictly)
log-concave. So, a result on the (strict) log-concavity can be translated into a (strictly) q-weighted
version.
Theorem 2.4. Let {ai}ni=0 and {bi}mi=0 be two (strictly) q-weighted log-concave sequences. Then
{y}n+m=0 is also (strictly) q-weighted log-concave, where
y =
∑
i+j=
aibj q
−ij .
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2/2
, b′j = bjqj
2/2 and y′ =
∑
i+j= a′ib′j . Then both {a′i} and {bj′} are
(strictly) log-concave, which implies the (strict) log-concavity of {y′}. Moreover, we have that
y′ =
∑
i+j=
a′ib′j =
∑
i+j=
aiq
i2/2bjq
j2/2 = q2/2
∑
i+j=
aibj q
−ij = q2/2y,
which yields that {y} is (strictly) q-weighted log-concave. 
Corollary 2.5. Let {ai}ni=0 and {bi}mi=0 be two (strictly) q-weighted log-concave sequences, and
let a and b be two real numbers. Then {y}n+m=0 is also (strictly) q-weighted log-concave, where
y =
∑
i+j=
aibj q
(a+i)(b−j).
Proof. Set a′i = aiqib and b′j = bjq−ja . Then both {a′i} and {b′j } are (strictly) q-weighted log-
concave, and
y =
∑
i+j=
aibj q
(a+i)(b−j) = qab
∑
i+j=
a′ib′j q−ij .
Then, the result follows from Theorem 2.4. 
Example 2.6. Let r , m and s be nonnegative integers. For 0  r + m, set
I =
∑
i+k=
[
r
i
][
m
k
]
qk(s+r−i).
By (5) and Corollary 2.5 we have that {I}r+m=0 is strictly q-weighted log-concave.
Definition 2.7. Let (P,w1) and (Q,w2) be two weighted posets with rank functions r1 and r2
respectively. Given two real numbers a and b, we define a weight function w = w(a,b,q) on P ×Q
as follows:
w(x,y) = w1(x)w2(y)q−(r1(x)+a)(r2(y)+b) for each (x, y) ∈ P × Q. (6)
We call the weighted poset (P × Q,w) a q-direct product of (P,w1) and (Q,w2).
It is obvious that a q-direct product is just the usual direct product if q = 1. In this sense the
theorem below is a generalization of Theorem 1.3.
Theorem 2.8. If both (P,w1) and (Q,w2) are (strictly) q-weighted log-concave and (strictly)
normal, then each q-direct product of them is also (strictly) q-weighted log-concave and (strictly)
normal.
Proof. Let (H,w) denote the q-direct product of (P,w1) and (Q,w2), where the weight func-
tion w is given by (6). By Corollary 2.5, (H,w) is (strictly) q-weighted log-concave. Then it
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on P as
w′1(x) = w1(x)q−r1(x)b+r1(x)
2/2 for x ∈ P.
Then w′1(Pi) = w1(Pi)q−ib+i
2/2 for i = 0,1, . . . , r(P ), and the (strict) q-weighted log-
concavity of (P,w1) implies the (strict) log-concavity of (P,w′1). Similarly, we may define
another weight function on Q as
w′2(y) = w2(y)q−r2(y)a+r2(y)
2/2 for y ∈ P,
and we have that (Q,w′2) is (strictly) log-concave. By definition it follows immediately that
(P,w1) and (Q,w2) are (strictly) normal if and only if (P,w′1) and (Q,w′2) are. Then, the
weighted product theorem yields that (H,w′) is (strictly) normal, where w′ = w′1 × w′2. On the
other hand, for any (x, y) ∈ H , we have
w(x,y) = w1(x)w2(y)q−(r1(x)+a)(r2(y)+b) = w′(x, y)q−ab−(r1(x)+r2(y))2/2,
which means w(x,y) = w′(x, y)q−ab−i2/2 if (x, y) ∈ Hi . Again, by definition the (strict) nor-
mality of (H,w) follows from that of (H,w′). 
3. Applications
We say two posets P and Q are NM-equivalent if P is normal if and only if Q is normal.
A first step in this direction is a theorem (Theorem 3.1 below) of Kleitman, Edelberg and Lubell
in [12] (see also [6]), which implies that a poset P has the Sperner property if and only if its
weighted quotient under a group action has the Sperner property. A remarkable step in this di-
rection was given by Harper [9] (see also [10]), who introduced the concept of flow morphism
between two bipartite graphs, which was used in [21]. For the purpose of this paper, however,
we consider only the quotients under the group action. We prove that, under the action of some
groups, the lattices concerned is NM-equivalent to q-direct products of their quotients.
3.1. Let Γ be a group acting on (P,w) which preserves the order relation and the weight
on P , that is, for every γ ∈ Γ , x  y in P implies that γ (x) γ (y) and w(γ (x)) = w(x). Then
we obtain a quotient poset (P/Γ,wΓ ), where P/Γ consists of the Γ -orbits ordered as follows:
Γ (x) Γ (y) in P/Γ if x′  y′ for some x′ ∈ Γ (x) and y′ ∈ Γ (y), and the weight function wΓ
is given by wΓ (Γ x) = |Γ x|w(x).
Theorem 3.1. (See [12].) Let (P,w) and Γ be as above. Then P contains a maximal weighted
antichain which is invariant under the action of Γ .
As shown in [12], for an apt choice of the weight function w, the same argument will yield
the LYM version or, equivalently, the NM version of the theorem, of which a direct and short
proof was given in [18], stated as follows.
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is invariant under the action of Γ and
w(∇(Ai))
w(Ai)
= min
{
w(∇(B))
w(B)
: B ⊆ Pi
}
. (7)
From this result we see that (P,w) is NM-equivalent to (P/Γ,wΓ ). Using this approach the
first author of this paper respectively proved in [17,18] that the subgroup lattice Lkn(p) of an
abelian p-group has the Sperner property and has the NM property for sufficiently large p.
By definition we see that if (P,w) is strictly normal, then (P/Γ,wΓ ) is also strictly normal.
But the converse is not true. For example, if P is a disjoint union of more than one chain of
length n > 1, then P is normal but not strictly normal. However, this type of lattice constitutes
the only exception. In fact, from the proof of Theorem 3.2 one sees that if A is a minimal sub-
set of Pi satisfying (7) and A is not invariant under the action of Γ , then A ∩ γ (A) = ∅ and
∇(A) ∩ γ (∇(A)) = ∅ for every γ ∈ Γ , and, Pi and Pi+1 are unions of all γ (A) and γ (∇(A)),
respectively. (See the proof of Theorem 4 in [18] for details.) Thus, we obtain the following
theorem.
Theorem 3.3. If (P/Γ,wΓ ) is strictly normal and the Hasse diagram of Pi ∪ Pi+1 is connected
for 0 i  r(P ), then (P,w) is also strictly normal.
3.2. We now consider the lattice C[t,X;V ]. To achieve our aim, let GL(V ) denote the gen-
eral linear group of V , which consists of all invertible linear transformations of V , and acts
on Ln(q), preserving the order relation and the rank. Let GL(X|V ) denote the subgroup of
GL(V ) that fixes X. It is easily seen that GL(X|V ) induces an order and rank preserving permu-
tation group acting on C[t,X;V ]. Denote the quotient poset C[t,X;V ]/GL(X|V ) by C[t, r],
where r = dim(X).
Theorem 3.4. C[t,X;V ] is strictly q-weighted log-concave and strictly normal, and in particu-
lar, Ln(q) = C[0,X;V ] is strictly q-weighted log-concave and strictly normal.
Proof. Clearly, the quotient poset Ln(q)/GL(V ) is isomorphic to the chain n = {12 · · ·n}.
Define the weight function νn on n as νn(i) =
[
n
i
]
. Then we know that (n, νn) is strictly
q-weighted log-concave, and, as a weighted chain, (n, νn) is trivially a strictly normal lattice.
So, by Theorem 3.3, Ln(q) is strictly normal. For any nonnegative integers i and j , let 〈i, j 〉
denote the set of all subspaces A ∈ Ln(q) such that dim(A) = i + j and dim(A ∩ X) = i. By
definition it is easy to see that 〈i, j 〉 is an orbit of GL(X|V ) in Ln(q). Let w〈i, j 〉 denote the
cardinality of 〈i, j 〉. Then we have
C[t, r] = {〈i, j 〉: t  i  r, 0 j  n − r}.
By Theorem 3.2 we know that C[t,X;V ] is normal if and only if (C[t, r],w) is.
Given a μ = 〈i, j 〉 ∈ C[t, r], it is not difficult to compute that w(μ) = [r
i
][
n−r
j
]
qj (r−i)
(cf. [3, Proposition 2.2]). From this we see that (C[t, r],w) is a q-direct product of (rt , νr ) and
(n − r, νn−r ). From Theorem 2.8 it follows that (C[t, r],w) is strictly q-weighted log-concave
and strictly normal. The strict normality of C[t,X;V ] follows from Theorem 3.3. 
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ple 4.5.1]).
We close this subsection by an interesting observation. Let Γ be the subgroup of GL(V ) con-
sisting all linear transformations of V whose matrices are (upper) triangular. Then the quotient
poset Ln(q)/Γ is isomorphic to a q-direct product of n chains of length 1.
3.3. Let x and y be two subsets of [n] such that x ⊆ y. Define
D(x,y;n) = {z ∈ Bn: z /∈ [x, y]},
where [x, y] = {z ∈ Bn: x ⊆ z ⊆ y}. In [14] Logan proved that D(x,y;n) is normal. We now
consider its q-analog.
Let X and Y be two subspaces of V with X ⊆ Y . Define
D[X,Y ;V ] = {Z ∈ Ln(q): Z /∈ [X,Y ]},
where [X,Y ] = {Z ∈ Ln(q): X ⊆ Z ⊆ Y }. Clearly, ordered by inclusion, D[X,Y ;V ] forms a
ranked poset. The main result of this subsection is the following theorem.
Theorem 3.5. D[X,Y ;V ] is strictly normal and strictly q-weighted log-concave.
Proof. Let GL(X,Y |V ) denote the subgroup of GL(V ) that fixes both X and Y . It is easily seen
that GL(X,Y |V ) induces an order and rank preserving permutation group acting on D[X,Y ;V ].
For any nonnegative integers i, j and k, let 〈i, j, k〉 denote the set of all subspaces A ∈ Ln(q)
such that dim(A) = i + j + k, dim(A ∩ X) = i and dim(A ∩ Y) = i + j . By definition it is easy
to see that 〈i, j, k〉 is an orbit of GL(X,Y |V ) in D[X,Y ;V ]. Then we obtain the quotient poset
D[X,Y ;V ]/GL(X,Y |V ), written, for short, as
D[r, s;n] = {〈i, j, k〉: 0 i < r, 0 j  s, 0 k m, or i = r, 0 j  s, 1 k m}
where r = dim(X), s = dim(Y ) − r and m = n − r − s. Given a μ = 〈i, j, k〉 ∈ D[r, s;n], let
w(μ) denote the cardinality of μ. It is easy to find that the Hasse diagram of Di[X,Y ;V ] ∪
Di+1[X,Y ;V ] is connected for 0 i  n − 1. Then by Theorem 3.3 we know that D[X,Y ;V ]
is strictly normal if and only if (D[r, s;n],w) is. This time, a trouble is that D[r, s;n] is not
a q-direct product of three chains. However, we can represent it as a q-direct product of two
weighted posets. We first analyze its weight function w. Given 〈i, j, k〉 ∈ D[r, s;n] we have
w
(〈i, j, k〉)=
[
r
i
][
s
j
][
m
k
]
qj (r−i)+k(r+s−i−j) =
[
r
i
][
m
k
]
qk(r+s−i) ×
[
s
j
]
qj (r−i−k).
We define a new weighted poset (P, v) as follows:
P = {〈i, k〉: 0 i < r, 0 k m or i = r, 1 k m}
and
v
(〈i, k〉)=
[
r
][
m
]
qk(r+s−i) for 〈i, k〉 ∈ P.i k
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follow if (P, v) is strictly normal and strictly q-weighted log-concave. We first consider the
strict q-weighted log-concavity of (P, v). By definition we have that v(P) = I(m) if  = r and
v(P) = I(m)− 1 if  = r for each  = 0,1, . . . , r +m, where I(m) is defined in Example 2.6.
Then the proof is completed by the following lemmas.
Lemma 3.6. (I(m) − 1)2 > qI−1(m)I+1(m) holds for every 0 <  < r + m.
Proof. Set F(, j,m) = I(m)Ij (m) − qj−+1I−1(m)Ij+1(m), where 0  j  r + s.
First, we apply induction on m to prove that F(, j,m) has nonnegative coefficients as a poly-
nomials in q for all , j and m. When m = 0, we have
F(, j,0) =
[
r

][
r
j
]
− qj−+1
[
r
 − 1
][
r
j + 1
]
,
which has nonnegative coefficients as a polynomial in q , by (4), that is, the statement is true for
m = 0. Suppose m > 0 and the statement to be true for m − 1 0. By (3), we have
I(m) =
∑
i+k=
[
r
i
][
m
k
]
qk(s+r−i)
=
∑
i+k=
[
r
i
][
m − 1
k
]
qk(s+r−i) +
∑
i+k−1=−1
[
r
i
][
m − 1
k − 1
]
q(k−1)(s+r−i)+t−
= I(m − 1) + qt−I−1(m − 1), where t = m + s + r.
Set
F(, j,m) = det
[
I q
j−+1I−1
Ij+1 Ij
]
(m)
.
Then
F(, j,m) = det
[
I + qt−I−1 qj−+1(I−1 + qt−+1I−2)
Ij+1 + qt−j−1Ij Ij + qt−j Ij−1
]
(m−1)
= det
[
I q
j−+1I−1
Ij+1 Ij
]
(m−1)
+ qt−j det
[
I q
2(j−+1)I−2
Ij+1 Ij−1
]
(m−1)
+ qt− det
[
I−1 qj−+1I−1
q−j−1Ij Ij
]
(m−1)
+ q2t−−j det
[
I−1 qj−+1I−2
Ij Ij−1
]
(m−1)
.
The first and the last determinant equals F(, j,m− 1) and F(− 1, j − 1,m− 1), respectively.
The third is zero. By adding and subtracting qj−I−1Ij the second changes into F(, j − 1,
m − 1) + qj−F ( − 1, j,m − 1). By induction we obtain that F(, j,m) has nonnegative
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F(, j,m) as a polynomial in q . We now give a lower bound.
It is easy to see that degq
[
r
i
]= i(r − i), so
degq I(m) = max0i′
{
i(r − i) + ( − i)(t − )}
=
{
(t − ), m + s,
(t − ) +  −m−r2  −m−r2 , m + s,
where ′ = min{r, }, t = m + s + r . From this we obtain that
degq
(
I(m)Ij (m)
)− degq(qj−+1I−1(m)Ij+1(m))> 0,
which means degq F (, j,m) = degq(I(m)Ij (m)) (t − ) + j (t − j). We thus obtain that
F(, j,m) q(t−)+j (t−j) (8)
hold for all , j and m with 0  j m + r .
Put G(,m) = (I(m)−1)2 −qI−1(m)I+1(m). We now prove that G(,m) > 0. It is clearly
true for  = 0. Suppose  > 0 and m > 0. Then we have
G(,m) = (I(m) − 1)2 − qI−1(m)I+1(m)
= G(,m − 1) + q2t−2G( − 1,m − 1) (9)
+ qt−[F( − 1, ,m − 1) − qt−] (10)
+ qt−(qt− − 1)I−1(m − 1). (11)
The nonnegativity of (9) will follow from induction, that of (10) from (8) and that of (11) is
obvious. Then, the proof is completed by establishing G(,0) > 0.
Set H(, r) = G(,0). Clearly, H(, r)  0 if  = 0 or r = 0. Suppose  > 0, r > 0, and
H(, r − 1) 0 and H( − 1, r − 1) > 0. By a similar argument as above we have that
H(, r) =
([
r

]
− 1
)2
− q
[
r
 − 1
][
r
 + 1
]
= H(, r − 1) + q2H( − 1, r − 1)
+ q
([
r − 1

][
r − 1
 − 1
]
− q2
[
r − 1
 − 2
][
r − 1
 + 1
]
+ 2q
[
r − 1

]
− 2
[
r − 1

]
− q
)
> 0.
Thus, the proof is complete. 
Lemma 3.7. (P, v) is strictly normal.
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i + k = }, written as {〈c,  − c〉, 〈c + 1,  − c − 1〉, . . . , 〈d,  − d〉}, where 0 c d  r .
Define two weighted chains as follows: D′ = {i: c i  d + 1} with the weight function
v1(i) =
{[
r
i
]
if 〈i,  + 1 − i〉 ∈ P+1,
0, otherwise
for every i ∈ D′; and D′′ = {k:  − d  k   − c + 1} with the weight function
v2(k) =
{[
m
k
]
if 〈 − k + 1, k〉 ∈ P+1,
0, otherwise
for k ∈ D′′. Note that v1(i) = 0 if and only if i = d + 1 and 〈d + 1, − d〉 /∈ P+1, and v2(k) = 0
if and only if k = −c+1 and 〈c, −c+1〉 /∈ P+1. This implies that both (D′, v1) and (D′′, v2)
are strictly q-weighted log-concave and strictly normal.
Define D = D′ × D′′ with the weight function ν given by ν(〈i, k〉) = v1(i)v2(k)qk(r+s−i),
that is, (D,ν) is a q-direct product of (D′, v1) and (D′′, v2), and, hence, is strictly normal.
A crucial observation is that (D, ν) = (P, v) and (D+1, ν) = (P+1, v) if we ignore the
possible elements with weight zero. This implies that (P ∪ P+1, v) is strictly normal, whence,
so is (P, v). 
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